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a b s t r a c t
We prove the existence of a global smooth solution to a viscous simplified Bardina
turbulence model when the spacial dimension n satisfies 3 ≤ n ≤ 8.
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1. Introduction
In this paper, we study the following simplified Bardina turbulence model [1]:
∂tv −1v + (u · ∇)u+∇π = 0, in (0,∞)× Rn, (1.1)
v = (1− α2∆)u, α > 0, in (0,∞)× Rn, (1.2)
div v = div u = 0, in (0,∞)× Rn, (1.3)
v|t=0 = v0(x), x ∈ Rn (3 ≤ n ≤ 8). (1.4)
Here v is the fluid velocity field, u is the ‘‘filtered’’ fluid velocity, and π is the pressure. α > 0 is the length scale parameter
that represents the width of the filter. For simplicity we will take α = 1.
When n = 3, the global well-posedness of the problem has been proved in [1]. In this paper, we will prove
Theorem 1.1. Let 3 ≤ n ≤ 8. Let u0 ∈ H1(Rn) with div u0 = 0 in Rn. Then for any T > 0, the problems (1.1)–(1.4) has a
unique weak solution u satisfying
1
2
∫
u2 + |∇u|2dx+
∫ T
0
∫
|∇u|2 + |1u|2dxdt ≤ 1
2
∫
u20 + |∇u0|2dx. (1.5)
Theorem 1.2. Let 3 ≤ n ≤ 8. Let v0 ∈ Hs(Rn)with s > 1 anddiv v0 = 0 inRn. Then for any T > 0, the problems (1.1)–(1.4) has
a unique smooth solution (v, π) satisfying
v ∈ L∞(0, T ;Hs) ∩ L2(0, T ;Hs+1), ∇π ∈ L2((0, T )× Rn),
∂tv ∈ L2((0, T )× Rn). (1.6)
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In Section 2, we prove Theorem 1.1, Section 3 is devoted to the proof of Theorem 1.2.
2. Proof of Theorem 1.1
This section is devoted to the proof of Theorem 1.1. Taking the inner product with u both sides of (1.1) and using (1.3),
we get (1.5). The existence part can be proved by the same method as that in [1], we only need to establish the uniqueness.
Let u and u˜ be any two weak solutions of (1.1)–(1.4) on the interval [0, T ] with the same initial value u0. Let us denote
v˜ = (1−∆)u˜, δu = u− u˜, δv = v − v˜. Then from (1.1), we have
∂tδv −1δv + u · ∇δu+ (δu · ∇)u˜+∇(π − π˜) = 0. (2.1)
Multiplying (2.1) by δu and using the divergence free condition, we see that
1
2
d
dt
∫
|δu|2 + |∇δu|2dx+
∫
|∇δu|2 + |1δu|2dx = −
∫
(δu · ∇)u˜ · δudx =
∫
(δu · ∇)δu · u˜dx
≤ ‖δu‖
L
2n
n−2
‖∇δu‖
L
2n
n−2
‖u˜‖
L
n
2
≤ C‖∇δu‖L2‖1δu‖L2‖u˜‖H2
≤ 1
2
‖1δu‖2L2 + C‖u˜‖2H2‖∇δu‖2L2 ,
which implies
δu = 0, i.e., u = u˜.
This completes the proof. 
3. Proof of Theorem 1.2
Since it is easy to prove that the problems (1.1)–(1.4) has a unique local smooth solution, we only need to prove the a
priori estimate (1.6).
First, we still have (1.5).
Now we assume 3 ≤ n ≤ 7.
Multiplying (1.1) by−1v, using (1.3) and (1.5), we see that
1
2
d
dt
∫
|∇v|2dx+
∫
|1v|2dx =
∫
(u · ∇)u ·1vdx ≤ ‖u‖L∞‖∇u‖L2‖1v‖L2 ≤ C‖u‖L∞‖1v‖L2
≤ C‖∇u‖
8−n
6
L2
‖1v‖
n−2
6
L2
‖1v‖L2 ≤ C‖1v‖
n+4
6
L2
≤ 1
2
‖1v‖2L2 + C,
which gives
‖v‖L∞(0,T ;H1) + ‖v‖L2(0,T ;H2) ≤ C . (3.1)
Next, we assume that n = 8.
It is easy to show that
u · ∇u ∈ L2(0, T ;H−2), ∇π ∈ L2(0, T ;H−2),
∂tv ∈ L2(0, T ;H−2),
and thus
∂tu ∈ L2(0, T ; L2).
It follows from (1.5) that
u ∈ C [0, T ];H1 ⊂ C [0, T ]; L 2nn−2  . (3.2)
By (3.2) we can decompose u as follows: for any 0 < ϵ < 1,
u = u1 + u2, u1 ∈ C

[0, T ]; L 2nn−2

, u2 ∈ L∞

(0, T )× Rn , (3.3)
with
‖u1‖
L∞([0,T ];L
2n
n−2 )
≤ ϵ.
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Multiplying (1.1) by−1v, using (1.3), (1.5) and (3.3), we find that
1
2
d
dt
∫
|∇v|2dx+
∫
|1v|2dx =
∫
(u · ∇)u ·1vdx
=
∫
(u1 · ∇)u ·1vdx+
∫
(u2 · ∇)u ·1vdx
≤ ‖u1‖
L
2n
n−2
‖∇u‖Ln‖1v‖L2 + ‖u2‖L∞‖∇u‖L2‖1v‖L2
≤ ϵ‖∇u‖Ln‖1v‖L2 + C‖1v‖L2 ≤ Cϵ‖1v‖2L2 + C‖1v‖L2 .
Then (3.1) follows from the Young inequality and a direct integration in time by taking ϵ small enough.
In the following calculations, we will use the product estimates due to Kato–Ponce [2]:Λs(fg)Lp ≤ C ‖f ‖Lp1 ‖Λsg‖Lq1 + ‖Λsf ‖Lp2 ‖g‖Lq2  , (3.4)
with s > 0,Λ := (−∆)1/2 and 1p = 1p1 + 1q1 = 1p2 + 1q2 .
TakingΛs in (1.1), multiplying byΛsv, using (1.3), (3.1) and (3.4), we obtain
1
2
d
dt
∫
|Λsv|2dx+
∫
|Λs+1v|2dx = −
∫
Λs(u · ∇u) ·Λsvdx = −
∫
Λsdiv (u⊗ u) ·Λsvdx
≤ C‖u‖Ln‖Λs+1u‖
L
2n
n−2
‖Λsv‖L2 ≤ C‖u‖Ln‖Λs+2u‖L2‖Λsv‖L2
≤ C‖u‖Ln‖Λsv‖2L2 ≤ C‖v‖H1‖Λsv‖2L2 ≤ C‖Λsv‖2L2 ,
which yields
‖v‖L∞(0,T ;Hs) + ‖v‖L2(0,T ;Hs+1) ≤ C . (3.5)
It follows easily from (1.1) and (3.5) that
‖∇π‖L2(0,T ;L2) ≤ C, ‖∂tv‖L2(0,T ;L2) ≤ C .
This completes the proof. 
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